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Reflectionless Filters
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What is a Reflectionless Filter?

Pass-Band

x(t) y(t)

Pass-Band

Stop-Band Stop-Band
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Issues with Conventional Filters

Spurs Recirculate Standing Waves

Accumulate

Switching

Transients

Rebound

Harmonics

Trapped

×N
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Benefits of Reflectionless Filters

Spurs Minimized Standing Waves

Eliminated

Switching

Transients

Absorbed

Harmonics

Dissipated

×N
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Once Called Constant-Resistance Networks

Otto Zobel, 1928 Hendrik Bode, 1945 Core Networks:
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Realizability Limitations Lead to Excess Flat Loss
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Higher-Order Synthesis Complex (High Element Count)

Fifth-Order Filter, 28 elements!
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Renewed Interest

• Discovery of coupled-ladder topologies has generated renewed interest 
in reflectionless filters.

• Many researchers now exploring different ways of implementing 
reflectionless filters

• Transmission-Lines

• Coaxial Resonators

• Surface-Acoustic Wave

• Substrate-Integrated Waveguide

• Many of these new approaches are based on empirical modeling.

• For this talk, I will focus on the fundamental coupled-ladder solution.
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Coupled Ladder Topology
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A Symmetric Two-Port Network, “N”

Port 1

(Input)

Port 2

(Output)

(symmetry plane)
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A Symmetric Two-Port Network, “N”

(wires)

Identical half-circuits
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Even-Mode Excitation

i = 0
X+ +



14

Even-Mode Excitation

Even-Mode

Equivalent Circuit
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Odd-Mode Excitation

+ –v = 0
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Odd-Mode Excitation

Odd-Mode

Equivalent Circuit
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Even and Odd-Mode Analysis

Odd-Mode

Equivalent Circuit

Even-Mode

Equivalent Circuit

even odd = ½(even + odd)

T = ½(even – odd)
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Even and Odd-Mode Synthesis

Odd-Mode

Equivalent Circuit

Even-Mode

Equivalent Circuit

even odd = ½(even + odd)

T = ½(even – odd)

= 0

= T(f)

Therefore...

even = –odd

even = T(f)

duality

~high-pass transformation
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Duality

Γ𝑒𝑣𝑒𝑛 = −Γ𝑜𝑑𝑑

𝑍𝑒𝑣𝑒𝑛 − 𝑍0
𝑍𝑒𝑣𝑒𝑛 + 𝑍0

=
𝑍0 − 𝑍𝑜𝑑𝑑
𝑍0 + 𝑍𝑜𝑑𝑑

𝑧𝑒 − 1

𝑧𝑒 + 1
=
1 − 𝑧𝑜
1 + 𝑧𝑜

𝑧𝑒 − 1

𝑧𝑒 + 1
=
𝑦𝑜 − 1

𝑦𝑜 + 1

𝑧𝑒 = 𝑦𝑜
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Even and Odd-Mode Synthesis

Odd-Mode

Equivalent Circuit

Even-Mode

Equivalent Circuit
even odd

LC High-

Pass Filter

?

DUAL
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Even and Odd-Mode Synthesis

Odd-Mode

Equivalent Circuit

Even-Mode

Equivalent Circuit
even odd

DUAL
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Even and Odd-Mode Synthesis

Odd-Mode

Equivalent Circuit

Even-Mode

Equivalent Circuit
even odd
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Even and Odd-Mode Synthesis

Odd-Mode

Equivalent Circuit

Even-Mode

Equivalent Circuit
even odd

?
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Even and Odd-Mode Synthesis

Odd-Mode

Equivalent Circuit

Even-Mode

Equivalent Circuit
even odd
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Even and Odd-Mode Synthesis

Odd-Mode

Equivalent Circuit

Even-Mode

Equivalent Circuit
even odd
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Even and Odd-Mode Synthesis

Odd-Mode

Equivalent Circuit

Even-Mode

Equivalent Circuit
even odd
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Even and Odd-Mode Synthesis

Odd-Mode

Equivalent Circuit

Even-Mode

Equivalent Circuit
even odd
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Even and Odd-Mode Synthesis

Odd-Mode

Equivalent Circuit

Even-Mode

Equivalent Circuit
even odd
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Even and Odd-Mode Synthesis

Odd-Mode

Equivalent Circuit

Even-Mode

Equivalent Circuit
even odd
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Even and Odd-Mode Synthesis

Odd-Mode

Equivalent Circuit

Even-Mode

Equivalent Circuit
even odd
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Even and Odd-Mode Synthesis

symmetry

duality xx

xx
xx

xx
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A Third-Order Reflectionless Filter

s11

1 1

(Element values are normalized

for frequency and impedance.)

1 1
1 1

11
1 1
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Higher-Order Responses Not So Great

s11

1 1

11
1 1

1 1
1 1

(Element values are normalized

for frequency and impedance.)

11
1 1
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Higher-Order Responses Not So Great

s11

1 1

11
1 1

1 1
1 1

(Element values are normalized

for frequency and impedance.)

11
1 1

11
1 1
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Subnetwork Expansion
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Subnetwork Expansion

termination termination

H

H

H

H

P P

P P

a1 b2

b3 a4

b1 a2

a3 b4

Port 1 Port 2

"Port 3" "Port 4"
reflectionless

a1

b1
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Subnetwork Expansion

H

H

H

H

P P

P P

a1 b2

b3 a4

b1 a2

a3 b4

A

A

termination termination

Pt. 3 common Pt. 4

Matched, Two-Port

Subnetwork
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Subnetwork Expansion

Pt. 3 common Pt. 4

Matched, Two-Port

Subnetwork
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A Seventh-Order Reflectionless Filter

s11

1

(Element values are normalized

for frequency and impedance.)

1

2x

x x

y y
2y

x x

2x
y y

z z2y
2z

z z

2z

x = y = z = 1



40

Element Value Generalization

s11

(Element values are normalized

for frequency and impedance.)

2/g1

1/g2 1/g2

1/g2 1/g2

2/(g3–g2)

1/g4 2/(g3–g4) 1/g4

1/g4 1/g4

2/(g5–g4)

1/g6 2/(g5–g6) 1/g6

1/g6 1/g6

2/g7

g1 = g2

g6 = g7

1 1
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Topological Generalization

s11

(Element values are normalized

for frequency and impedance.)

2/g1

1/g2 1/g2

1/g2 1/g2

2/(g3–g2)

1/g4 2/(g3–g4) 1/g4

1/g4 1/g4

2/(g5–g4)

1/g6 2/(g5–g6) 1/g6

1/g6 1/g6

2/g7

1 1

2/(g7–g6)

2/(g1–g2)
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Limiting Ripple Factor

(Element values are normalized

for frequency and impedance.)

2/g1

1/g2 1/g2

1/g2 1/g2

2/(g3–g2)

1/g4 2/(g3–g4) 1/g4

1/g4 1/g4

2/(g5–g4)

1/g6 2/(g5–g6) 1/g6

1/g6 1/g6

2/g7

1 1

2/(g1–g2)

2/(g7–g6)
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Negative Element Mitigation

(Element values are normalized

for frequency and impedance.)

2/g1

1/g2 1/g2

1/g2 1/g2

2/(g3–g2)

1/g4 2/(g3–g4) 1/g4

1/g4 1/g4

2/(g5–g4)

1/g6 2/(g5–g6) 1/g6

1/g6 1/g6

2/g7

1 1

2/(g1–g2)

2/(g7–g6)

–

+ + ++

+

=
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Negative Element Mitigation

(Element values are normalized

for frequency and impedance.)

2/g1

1/g2 1/g2

1/g2 1/g2

2/(g3–g2)

1/g4 2/(g3–g4) 1/g4

1/g4 1/g4

2/(g5–g4)

1/g6 2/(g5–g6) 1/g6

2/g7

1 1

2/(g1–g2)

1/g7 1/g7

2/(g6–g7)

1:1

The rest of the filter...
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Negative Element Mitigation

(Element values are normalized

for frequency and impedance.)

2/g1

1/g2 1/g22/(g1–g2)

The rest of the filter...
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Negative Element Mitigation

(Element values are normalized

for frequency and impedance.)

2/g1

1/g2 1/g22/(g1–g2)

The rest of the filter...

ia ia+ib ib
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Negative Element Mitigation

(Element values are normalized

for frequency and impedance.)

2/g1

1/g2 1/g22/(g1–g2)

The rest of the filter...

ia ibia ib
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Negative Element Mitigation

(Element values are normalized

for frequency and impedance.)

2/g1

2/(g1–g2)

The rest of the filter...

1/g2 1/g2

–

+ + + +

+=
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Negative Element Mitigation

2/g1

1/g1 1/g1

2
/(

g
2
–
g

1
)

1/g2 1/g2

A little redundant...2/(g2–g1)

1:1

2/(g3–g2)

1/g4 2/(g3–g4) 1/g4

1/g4 1/g4

2/(g5–g4)

1/g6 2/(g5–g6) 1/g6

2/g7

1 1

1/g7 1/g7

2/(g6–g7)

1:1



50

No More Negative Elements!

2/g1

1/g1 1/g1

1/g2 1/g2

2/(g2–g1)

1:1

2/(g3–g2)

1/g4 2/(g3–g4) 1/g4

1/g4 1/g4

2/(g5–g4)

1/g6 2/(g5–g6) 1/g6

2/g7

1 1

1/g7 1/g7

2/(g6–g7)

1:1

s11
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All-Pole Topologies
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Type-II to Type-I Transformation

2/g1

1/g2 1/g2

1/g2 1/g2

2/(g3–g2)

1/g4 2/(g3–g4) 1/g4

1/g4 1/g4

2/(g5–g4)

1/g6 2/(g5–g6) 1/g6

1/g6 1/g6

2/g7

1 1

2/(g1–g2)

2/(g7–g6)

1 1

g1/2

g2

g4

g6

g2

g4

g6

g2

g4

g6

g2

g4

g6

(g3–g2)/2

(g5–g4)/2

(g7–g6)/2

(g1–g2)/2

(g3–g4)/2

(g5–g6)/2

g7/2

high-pass
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Type-II to Type-I Transformation

1 1

g1/2

g2

g4

g6

g2

g4

g6

g2

g4

g6

g2

g4

g6

(g3–g2)/2

(g5–g4)/2

(g7–g6)/2

(g1–g2)/2

(g3–g4)/2

(g5–g6)/2

g7/2

s11
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Type-II to Type-I Transformation

1

g1/2

g2

g4

g6

g2

g4

g6

g2

g4

g6

g2

g4

g6

(g3–g2)/2

(g5–g4)/2

(g7–g6)/2

(g1–g2)/2

(g3–g4)/2

(g5–g6)/2

g7/2

s11

1
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Type-I Transmission Equivalent to Standard Ladder

g1

g2

g4

g6

g3

g5

g7

(but Reflectionless)

(s21)

=

Designation ε g1 g2 g3 g4 g5 g6 g7

Butterworth 0 0.445 1.247 1.802 2.000 1.802 1.247 0.445

Chebyshev

0.0100 0.535 1.179 1.464 1.500 1.464 1.179 0.535

0.0189 0.621 1.274 1.569 1.569 1.569 1.274 0.621

0.0500 0.807 1.396 1.757 1.634 1.757 1.396 0.807

0.1000 1.008 1.437 1.940 1.622 1.940 1.437 1.008

0.1500 1.173 1.424 2.089 1.576 2.089 1.424 1.173

0.2000 1.323 1.392 2.229 1.520 2.229 1.392 1.323

0.2187 1.377 1.377 2.280 1.498 2.280 1.377 1.377

0.2500 1.465 1.350 2.366 1.461 2.366 1.350 1.465

Legendre ~ 1.864 1.590 2.151 1.727 1.939 1.477 0.839

1

1

g1/2

g2

g4

g6

g2

g4

g6

g2

g4

g6

g2

g4

g6

(g3–g2)/2

(g5–g4)/2

(g7–g6)/2

(g1–g2)/2

(g3–g4)/2

(g5–g6)/2

g7/2

1:1
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Negative Elements Removed As-Needed

Chebyshev-I (ε ≥ 0.2187) Legendre

Butterworth

1

1

g1/2

g2

g4

g6

g2

g4

g6

g2

g4

g6

g2

g4

g6

(g3–g2)/2

(g5–g4)/2

(g7–g6)/2

(g1–g2)/2

(g3–g4)/2

(g5–g6)/2

g7/2

1:1

1

1

g1/2

g2

g4

g6

g2

g4

g6

g2

g4

g2

g4

g7

(g3–g2)/2

(g5–g4)/2

(g1–g2)/2

(g3–g4)/2

(g5–g6)/2

g7/2

1:1

1:1

(g6–g7)/2
g7

1

1

g2 g2

(g3–g2)/2

g6 g6
(g5–g6)/2

1:1

g7
g7/2

1:1

(g6–g7)/2
g7

g5
(g5–g6)/2

1:1

(g4–g5)/2
g5

1:1

(g4–g3)/2

g3g3

1:1

(g2–g1)/2

g1g1

g1/2
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Implementation: Discrete SMT
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Deep Rejection Chebyshev Type-II Filter (N=7)
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Chebyshev Type-II Even-Order Filter (N=6)
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Butterworth Filter (N=7)



61

Elliptic Filter

A. Guilabert, M. Morgan, and T. Boyd, “Reflectionless filters for generalized elliptic transmission 
functions,” IEEE Transactions on Circuits and Systems I, vol. 66, no. 12, pp. 4606-4618, December 2019.

R1

1:1

L1

L3

C4

L5 C6

1:1

L4

C5

L6

C10

L8 C12

1:1

L7

C11

C13

C15

C14

1:1

C16

C1

C3

C2

C7

C9

C8

R2

1:1

L2
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Implementation: Monolithic Die
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Most Compact Implementation
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GaAs Integrated Passive Device (IPD) Fabrication

625 MHz Low-Pass Filter 1.6–3.6 GHz Band-Pass Filter
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GaAs IPD High-Pass Filter (N=7)
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Now Marketed by Mini-Circuits
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Thin-Film on Quartz

60 GHz Low-Pass Filter (N=5) 60 GHz High-Pass Filter (N=7)
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Size and Frequency of Various Implementations
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Backup Slides
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Canonical Filter Responses

Chebyshev Type I Chebyshev Type II

Butterworth Legendre
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Conventional Topologies

Lumped-Element Ladder Real Frequency Response

Normalized Ladder Prototype Normalized Response

L2 L4 L6

C1 C3 C5 C7

g2 g4 g6

g1 g3 g5 g7

Divide out immittance and corner frequency...
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Even-Order Filters

• One may derive an even-order filter by allowing 
the last reactive element from an odd-order 
prototype to become zero.

• This inevitably leaves some negative, zero, or 
infinitely-valued elements in the bottom-most 
position.

• The zero/infinite components simply disappear, 
and the negative elements can be compensated in 
the usual way.

(Element values are normalized

for frequency and impedance.)

1/gN 1/gN

∞

gN+1

–2/gN

2/g1

1/g2 1/g2

1/g2 1/g2

2/(g3–g2)

1/g4 2/(g3–g4) 1/g4

1/g4 1/g4

2/(g5–g4)

2/(g1–g2)

gN+1
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Even-Order Filters

• Many even-order filter prototypes have 
nonunit-value normalized termination 
impedance. (gN+1 ≠ 1)

• An extra resistor is then required to meet the 
duality condition.

• R = 2/(gN+1–1/gN+1)

• If this formula gives a negative resistance, 
than the same transformer identities as 
before can be used to remove it.

gN+1

2/gN

2/g1

1/g2 1/g2

1/g2 1/g2

2/(g3–g2)

1/g4 2/(g3–g4) 1/g4

1/g4 1/g4

2/(g5–g4)

2/(g1–g2)

gN+1

1:1

2/(gN+1–1/gN+1)
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Butterworth is its Own Inverse

“Type-I” Butterworth Topology (N=5) “Type-II” Butterworth Topology (N=5)

1

1

g2 g2

(g3–g2)/2

g4 g4
(g3–g4)/2

1:1

g5
g5/2

1:1

(g4–g5)/2
g5

1:1

(g2–g1)/2

g1g1

g1/2

1 1

1/g2 1/g2

1/g4 1/g42/(g3–g4)

1/g5
2/g5

1:1

2/(g4–g5)
1/g5

1:1

2/(g2–g1)
1/g11/g1

2/g1

2/(g3–g2)

ports

ports
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Butterworth is its Own Inverse

“Type-I” Butterworth Topology (N=5) “Type-II” Butterworth Topology (N=5)

5% element-value tolerance 5% element-value tolerance
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Transmission-Line Topologies
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Transmission-Line Implementation

Odd-Mode

Equivalent Circuit

Even-Mode

Equivalent Circuit

?
Apply Richard's transformation...
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Transmission-Line Implementation

Odd-Mode

Equivalent Circuit

Even-Mode

Equivalent Circuit

?
Add port extension...
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Transmission-Line Implementation

Odd-Mode

Equivalent Circuit

Even-Mode

Equivalent Circuit
DUAL
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Transmission-Line Implementation

Odd-Mode

Equivalent Circuit

Even-Mode

Equivalent Circuit

Apply Kuroda's Identity...



82

Transmission-Line Implementation

Odd-Mode

Equivalent Circuit

Even-Mode

Equivalent Circuit

Must restore symmetry...
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Coupled-Line Identities

1 2 = 1
2

A Well-Known Identity

1 2

3

= 1
2
3

A NOT SO Well-Known Identity

n:1

n:1
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Application of Coupled-Line Identity

OR

n:1 1:n n:1 1:n
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Transmission-Line Implementation

ze = √ρ, zo = 1/√ρ

(x–x–1) –1 (x–x–1) –1

x–x–1 x–x–1

1 1

(x–x–1) –1 (x–x–1) –1

x–x–1 x–x–1
1 1

x x

ρ = (x+√(x2–1))2

ρ = 1+2(x–x–1)+2 √((x–x–1)(1+x–x–1))

ze = 2ρ/(ρ +1), zo = 2/(ρ +1)

s11


